ABSTRACT The degradation data have been widely applied in reliability analysis for deteriorating systems. However, the degradation data are usually contaminated by measurement errors that can severely affect the life estimation performance. This paper presents a degradation modeling and life estimation method using a Wiener degradation model by taking temporal uncertainty, measurement uncertainty, and unit-tounit heterogeneity into account. The truncated normal distribution is employed to characterize the unit-tounit heterogeneity in a population due to the fact that the degradation rates of many systems often manifest as positive values. The exact and explicit expressions of the life distribution are derived in the sense of the first hitting time by considering three kinds of uncertainties. The expectation maximization algorithm is used to estimate the model parameters because the resulting likelihood function includes hidden variables, which improves the estimation efficiency compared with the existing maximum likelihood estimation procedure. The effectiveness of the proposed approach is validated through a simulation example and a case study involving the degradation dataset of the LED.
I. INTRODUCTION
The failures of many engineering systems are induced by certain degradation mechanisms, such as wear, corrosion and fatigue [1] . The degradation is essentially a gradual and irreversible accumulation of damage over time, which eventually results in the failure of a system once its degradation level reaches predetermined failure threshold [2] - [4] . Degradation processes that occur during the life cycle of a system can usually be observed by condition monitoring technology. The degradation observations made over time, known as degradation data, are generally correlated with the underlying physics-of-failure and have been widely used to infer the life information of deteriorating systems [5] , [6] . The degradation data analysis can often acquire a better
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accuracy of life estimation in comparison with the timeto-failure data since it can characterize the underlying failure processes of a system. Therefore, the life estimation using degradation data has drawn increasing attention in the field of reliability engineering [7] - [10] . The performance of the life estimation is highly dependent on the appropriateness of the degradation model that attempts to characterize the evolution of degradation processes. The degradation arises in a stochastic way for many engineering systems, such as rotating machines, lithium-ion batteries, bridge beams, and LED lamps. It is generally more attractive to model the degradation evolution of the system based on stochastic processes. In addition, the degradation processes of numerous systems are generally influenced by various sources of uncertainties contributing to the uncertainty of life estimation [11] . For these reasons, the purpose of this paper is to investigate the effect of various sources of uncertainties on life estimation in stochastic degradation modeling.
A. RELATED WORKS
A significant number of research works have focused on the degradation modeling in terms of stochastic processes, such as Gamma processes, inverse Gaussian (IG) processes and Wiener processes. If the degradation process of a system is monotonic, Gamma processes and IG processes are often employed to characterize the degradation evolution of such a system. Related applications can be found in Van Noortwijk [12] , Ye et al. [13] , Peng [14] , Pan et al. [15] , Tsai et al. [16] and Peng et al. [17] . Nevertheless, the degradation processes of many systems exhibit non-monotonic behavior in engineering practice. In this instance, Wiener processes are preferable to model the degradation evolution of such systems and estimate their life. Whitmore et al. [18] used a time-transformed Wiener diffusion process to model the accelerated degradation data. Tseng et al. in [19] used a Wiener process to characterize the degradation evolution of LED lamps. Tseng and Peng [20] further developed an integrated Wiener process to model the degradation evolution of LED lamps and obtain the optimal burn-in policy. It is noteworthy that the above works only took into account the effect of the temporal uncertainty that refers to the inherent uncertainty related to the degradation evolution of a system. In many practice applications, however, the degradation processes of numerous systems are also subject to the influence of the other two types of uncertainty, i.e., measurement uncertainty and unit-to-unit heterogeneity. the degradation data are usually affected by measurement uncertainty since measurements of the degradation process are often taken with imperfect instruments and random environments. Additionally, the unit-to-unit heterogeneity means that under the identical operating and environmental conditions, the degradation paths of a bath of systems have great differences because there exists a certain amount of differences in raw material and manufacturing process. Therefore, it is necessary to consider the effect of three kinds of uncertainties above on the life estimation.
In the existing research works, the unit-to-unit heterogeneity has been well modelled by introducing random effects into Wiener process based degradation model, i.e., assuming some parameters in Wiener degradation model obey certain distribution types. For instance, Peng and Tseng [21] proposed a Wiener process based linear degradation model. To describe the unit-to-unit heterogeneity, this work assume the drift coefficient in the Wiener process follows a normal distribution. Additionally, there often exists measurement errors during the observation process in practice. Wiener processes with measurement errors have been investigated in the existing literature. Si et al. [22] applied a Wiener degradation model to perform the remaining useful life estimation and explored the effect of measurement errors on the life distribution. Ye et al. [23] investigated the degradation problem of HDD and LED by using Wiener processes with measurement errors. Nevertheless, the closed-form expression of the life distribution is not obtained in this work. In fact, it is extremely valuable to derive the life distribution, which can be effectively used for maintenance scheduling and logistic planning. In our previous study, a Wiener degradation model with measurement errors was proposed for reliability analysis [24] . In the above works, the drift coefficient is also assumed to follow a normal distribution to describe the unit-to-unit heterogeneity. More related literatures of imposing a normal distribution on the drift coefficient can be found in Gebraeel et al. [25] , Tsai et al. [26] , Jin et al. [27] , Si et al. [28] , Wang et al. [29] , and Li et al. [30] . However, it is worth noting that such normality assumption has some deficiencies since the degradation rates of many systems often manifest as positive values, such as bridge beams [6] , LED lamps [19] , magnetic heads of hard disk drives (HDD) [23] , gyros [28] and micro-electromechanical systems [31] . Therefore, it is necessary to relax the normality assumption to achieve more accurate life estimation results. From the aforementioned works, we can find that the existing Wiener processes with measurement errors have mostly adopted the normality assumption to characterize the unitto-unit heterogeneity, which may be mis-specified when the degradation rate of a system is positive.
B. CONTRIBUTIONS OF THIS PAPER
Driven by the above mentioned works, the objective of this paper is to develop a time-transformed Wiener process based degradation modeling framework for the life estimation. In our degradation model, the temporal uncertainty, measurement uncertainty and unit-to-unit heterogeneity of the degradation process are jointly taken into account. The main contributions of this paper are summarized as follows. To address the issues that the positive degradation rates and measurement uncertainty, we firstly characterize the unit-tounit heterogeneity in a population by using the truncated normal distribution, and explore the influence of measurement uncertainty on the life distribution. Secondly, our approach can obtain an exact yet closed-form life distribution by considering three kinds of uncertainties above, which facilitates subsequent maintenance scheduling. Thirdly, expectation maximization (EM) algorithm is used to estimate the model parameters effectively when the likelihood function includes unobserved hidden variables. Finally, we provide a case study for LED to demonstrate the applicability of the developed method. The results show that the accuracy of life estimation can be significantly improved by considering the effect of the negative drift coefficients and measurement errors on the life distribution simultaneously.
The remainder of this paper is organized as follows. Section II presents the modeling principle of the degradation model in terms of a time-transformed Wiener process with measurement errors. In Section III, the exact and closed-form expression of the life distribution based on the presented model is derived in detail, while the parameter estimation method is developed in Section IV. Section V provides a VOLUME 7, 2019 simulated example and a case study for LED to demonstrate the effectiveness of the presented method. Section VI draws up the main conclusions.
II. DEGRADATION MODEL FORMULATION
Let {X (t), t ≥ 0} denote the underlying degradation evolution of a system, which is described by the degradation model based on a time-transformed Wiener process as follows:
where β, σ and (t) stand for the drift coefficient, diffusion coefficient and transformed time scale respectively, and W ( (t)) denotes a standard Brown motion process when (t) = t. Without loss of generality, we simply assume the initial state X (0) for the degradation process to be zero. The Wiener process has statistically independent and normally distributed increments, i.e., X (t) = X (t + t) − X (t) is statistically independent of X (t), and X (t) ∼ N (β (t), σ 2 (t)) where (t) = (t + t) − (t). In the Wiener process, β usually denotes the degradation rate of a system, and σ represents degradation characteristics common to all units in a population. There are the different degradation rates for individual systems due to the differences of materials and manufacturing processes in engineering practice. For this reason, the unit-to-unit heterogeneity should be incorporated into the Wiener process to describe the degradation process of a system effectively.
As a general rule, the drift coefficient β is assumed to be a random parameter to characterize the unit-to-unit heterogeneity. A typical assumption is that β is considered to follow a normal distribution in the existing literatures [23] , [25] - [27] . Nevertheless, if the degradation rates of certain systems are always positive in engineering practice, this assumption is not satisfied because the normality assumption contains the probability P{β ≤ 0}. To overcome the above-mentioned drawback, the truncated normal distribution is utilized to represent the unit-to-unit heterogeneity in this paper. More specifically, assuming β follow the truncated normal distribution denoted by β ∼ TN (µ β , σ 2 β ) if the probability density function (PDF) can be expressed as
where φ(·) and (·) represent the PDF and cumulative distribution function (CDF) of the standard normal distribution. Additionally, the mean and variance of β are given by [32] 
and
In general, the underlying degradation state cannot be observed directly because perfect measurement for the degradation process is practically impossible. In fact, the obtained degradation data through condition monitoring are always affected by measurement uncertainty, resulting from noise, exterior interference, non-ideal measurement instruments, etc. Therefore, the observed degradation data are imperfect and can only partly reflect the true degradation process. To describe the effect of measurement uncertainty, the degradation process can be represented as
where ε denotes the measurement error, and is assumed to be normally distributed with zero mean and standard deviation σ ε . Moreover, ε is assumed to be s-independent with β. The above hypotheses are extensively used in the practice of degradation modelling.
III. DERIVATION OF THE LIFE DISTRIBUTION
The main objective of this section is to demonstrate how to derive the closed-form expression of the life distribution based on the degradation model (5) in detail. A system or component is considered as a failure when its degradation process first crosses a predefined critical level ω in engineering applications [11] . This critical level is known as failure threshold, which is often defined by the industrial standard such as the International Standards Organization. For this reason, the life of a system is defined as the first hitting time (FHT). Without loss of generality, we suppose the degradation process increases over time in this paper. If the degradation process of a system is unaffected by measurement errors, the life T is defined as
In terms of the property of Wiener processes, (T ) follows the inverse Gaussian distribution in the sense of FHT when the drift coefficient β is constant. Accordingly, the CDF of the life T can be given by [23] 
By taking the derivative with respect to t, the PDF of T can be obtained as
It is noteworthy that the obtained PDF and CDF of the life T above do not take into account the effect of random effect β and measurement uncertainty on life distribution. If the 37898 VOLUME 7, 2019 degradation process of a system contains measurement errors, however, the life T e can be defined as [30] T e = inf{t :
where ω e = ω − ε is normally distributed with mean ω and standard deviation σ ε . It can be easily found that the definition of T e is different from the definition of T . As a matter of fact, Y (t) is more suitable to define the life in the engineering practice due to the unobservability of the underlying degradation state X (t). If ω e and β are fixed, the CDF F T e |β,ω e (t) and the PDF f T e |β,ω e (t) of T e can be obtained by substituting ω e for ω in (7) and (8), respectively. Nevertheless, they are random variables instead of two constants because there exist the random effect and measurement error. Therefore, the influence of the randomness of β and ω e on the distribution of the life T e should be considered simultaneously, so as to achieve the effective results of the life estimation. Based on the law of total probability, the unconditional PDF and CDF of the life T e are expressed as
where p(β) and p(ω e ) stand for the PDF of the drift coefficient β and ω e respectively, E β [·] and E ω e [·] are the expectation operators with respect to β and ω e respectively. In order to explicitly calculate (10) and (11) in the case of β ∼ TN (µ β , σ 2 β ) and ω e ∼ N (ω, σ 2 ε ), we firstly provide the following lemmas and theorems, which can simplify the derivation process of the life distribution.
Lemma 1 ( [28]):
If Z ∼ N (0, 1) and µ, γ ∈ R, then the following formula holds:
then the following results hold:
Lemma 3 ( [33] ): If a 1 , a 2 ∈ R, then the following results hold:
where C represents a generic constant that can change from line to line in this paper.
then the following result holds:
where
Based on the results of Lemma 3 and some algebraic manipulations, we have
Lemma 4 ( [33]):
If b 1 , b 2 , h ∈ R, then the following holds:
where 2 (·) denotes the CDF of the standard bivariate normal distribution, i.e., γ 2 ) and B 1 , B 2 ∈ R, then the following result holds:
where ζ = 1 − 2C 2 γ 2 , ν = C 1 + 2C 2 µ and ι = C 3 + C 4 µ. Proof: Based on the results of Lemma 1 and Lemma 4, we have
According to the aforementioned lemmas and theorems, we can obtain the closed-form expressions of (10) and (11) . The main results are summarized as follows.
Theorem 3: For the Wiener process with the measurement error defined by (5) and the definition of the life in (9), given β ∼ TN (µ β , σ 2 β ) and ω e ∼ N (ω, σ 2 ε ), then the unconditional PDF and CDF of the life T e can be formulated as
We first derive the unconditional PDF of the life T e , i.e., f T e (t). By substituting ω e for ω in (8) , in the case of ω e ∼ N (ω, σ 2 ε ), we have
In the derivation process above, based on the result of Lemma 2, it is easy to complete the proof by setting l 1 = 0, l 2 = β (t) and l 3 = σ 2 (t) in (14) . By considering the randomness of the drift coefficient β, i.e., β ∼ TN (µ β , σ 2 β ), we have
In terms of the result of Theorem 1, the proof can be easily completed by setting
In the following, we derive the unconditional CDF of the life T e , i.e., F T e (t). By substituting ω e for ω in (7), we obtain
For the first expectation term at the right side of (25), we first consider ω e ∼ N (ω, σ 2 ε ). According to the result of Lemma 2,
In the case of β ∼ TN (µ β , σ 2 β ), setting B 1 = −ω/ √ κ and B 2 = (t)/ √ κ, based on the result of Lemma 5, we obtain
For the second expectation term at the right side of (25) , in view of the result of Lemma 2, we have
In the case of β ∼ TN (µ β , σ 2 β ), setting C 1 = 2ω/σ 2 , C 2 = 2σ 2 ε /σ 4 , C 3 = −ω/ √ κ and C 4 = −( (t) + 2σ 2 ε /σ 2 )/ √ κ, based on the result of Theorem 2, we establish
Hence, Theorem 3 can be established.
IV. PARAMETER ESTIMATION
The objective of this section is to achieve the MLE of the model parameters in terms of the available degradation data. Assume that the degradation processes of n tested units are measured at ordered inspection times t 1 , · · · , t m with the degradation observations
where m denotes the number of the degradation observations for each unit. Moreover, we assume that the degradation observations for different units are statistically independent in a degradation test. Therefore, the observed degradation process for the ith unit is given by
where β i stands for the drift coefficient for the ith unit, which is independent and identically distributed (i. i. 
Note that the covariance matrix is positive definite matrix, and it is easy to compute the inverse matrix of because it is the symmetric tridiagonal matrix. In this paper, we only take into account the parametric form of (t), which can be determined by using prior knowledge or certain failure mechanism for a specific application. In the case of no prior information with respect to (t), the parametric form of (t) can also be achieved by fitting the estimated average degradation path for tested samples. For example, a few popular options for (t) are linear function, exponential law function and power law function. For the sake of convenience, we re-parameterize the parameters by ψ = σ 2 ε /σ 2 and ϒ(ψ, η) = /σ 2 , where η is the parameter in (t). Let = (µ β , σ 2 β , σ 2 , ψ, η) be the vector of all unknown parameters and denote = {β 1 , . . . , β n }. The log-likelihood function can be expressed as
To achieve the MLE of based on the available degradation data, we require to maximize the above log-likelihood function. Nevertheless, the estimator acquired by direct constrained optimization of (32) is unsatisfactory because of the unobservability of β i , and the estimated results are generally far away from the true parameters in terms of our simulation experience. The reason for this lies in the fact that the log-likelihood function is quite flat in some directions about , and the rounding errors resulted from the computation of (·) have a significant effect on the estimated results. The EM algorithm offers an alternative to the MLE of when the log-likelihood function includes unobserved hidden variables [35] . In comparison with direct maximization for the log-likelihood function, it can easily locate the optimal solution without influence from the rounding error problem. For these reasons, the EM algorithm is adopted to obtain the MLE of in this paper. The EM algorithm consists of two steps: the expectation-step (E-step) and the maximization step (M-step) [28] , [36] , [37] . The E-step computes the expectation of the log-likelihood function associated with the hidden variables, and then the M-step determines the maximizer of this expected likelihood. The two steps are repeated iteratively until the satisfactory convergence is achieved.
In the calculation process of the E-step, we require to calculate the first and second moments of β i conditional on Y i . Noted that the posterior distribution of β i conditional on Y i is also the truncated normal distribution when the drift parameter β i follows the truncated normal distribution
. According the Bayesian theorem, the posterior distribution of β i can be obtained as follows
) with
where I (0,+∞) (β i ) is 1 if β i is positive and 0 otherwise. Therefore, it is easy to show that
} represent the estimation of all parameters in the kth step. We proceed to find the MLE of all unknown parameters based on the EM algorithm. Specifically, the E-step computes the expectation
where the first term at the right side of the equation above only depends on µ β , σ 2 β , and the second term at the right side of the equation above is only related to σ 2 , ψ, η. Therefore, the updated parameter estimates can be obtained in the M-step. Specifically, taking the first partial derivatives of Q( | Y , (k) ) with regard to µ β and σ β respectively, and setting each derivative to be zero, we obtain
It is easy to obtain the estimates of µ can be given by Note that σ 2(k+1) depends on the estimates of ψ and η. In the following, by substituting µ (37), we obtain the profile likelihood function as follows
The estimates of ψ (k+1) and η (k+1) can be obtained by maximizing (40) through a two-dimensional search, and then the estimate of σ 2 can be achieved in the k +1th step by plugging ψ (k+1) and η (k+1) into (39). The above steps are iterated by multiple times to generate a sequence { (0) , (1) , · · · } of increasingly good approximations to the unknown parameters, and then the MLE of σ 2 ε can be given by inverting the relation ψ = σ 2 ε /σ 2 . The iterations are generally terminated based on a standard criterion such as the difference between (j+1) andˆ (j) falling below a predefined threshold.
V. ILLUSTRATIVE EXAMPLES
In this section, we demonstrate the presented degradation modeling framework and the parameter estimation method in terms of a simulated example and a case study. To be specific, the simulated example is firstly provided to demonstrate the effectiveness of the proposed parameter estimation method. Subsequently, a case study is used to illustrate the applicability and superiority of the developed approach for degradation modeling and life estimation.
A. SIMULATION STUDY
In this subsection, a Monte Carlo simulation example is presented for illustrative purposes. Without loss of generality, let (t) be the power law function, i.e., (t) = t η . The degradation paths of n tested units are generated by settings: µ β = 5, σ β = 2.5, σ = 1, σ ε = 0.2 and η = 0.5 in the developed degradation model. The number of tested units is selected to be n = 10 and 20. Each tested unit is measured m times with t = 1, and we examine m = 5, 10, 15 and 20 for each n. In the following, we illustrate the effectiveness of the EM algorithm. For each combination of (n, m), we use the developed EM algorithm to obtain the MLE of all unknown parameters based on the simulated data. For all combination of (n, m), the root mean square errors ( RMSEs) and the biases for all unknown parameters are estimated based on 1000 Monte Carlo replications. Table 1 shows the estimated results for each combination. It can be easily found that the RMSEs and biases of each parameter for each fixed n become smaller as the degradation data increases, i.e. the estimated parameter values tend to approximate the real values with the increasing of the available degradation observations. A major reason for this is that more information can be used to effectively estimate the model parameters with increasing degradation data, and the estimated results for drift parameters can be updated by (33) and (34) based on the EM algorithm as the degradation observations increase. Evidently, the estimated life distribution will be more precise as the RMSEs and biases of the estimated parameters become smaller. Therefore, it is effective to use the EM algorithm to obtain the MLE of the model parameters.
B. CASE STUDY
In this subsection, a real application of LED is given to demonstrate the presented approach, which have been investigate in [23] and [38] . The light intensity of LED decreases over time. A degradation test in [38] was carried out to investigate the degradation behavior of LED. 12 units are tested under an accelerated current of 40 mA, and the degradation level of each unit was inspected every 50 hours until 250 hours passes. A soft failure occurs when the drop in the light intensity reaches a critical level ω = 50. The degradation data of 12 tested units are presented in Table 2 , while the degradation paths are depicted in Fig. 1 . From this figure, it can be observed that the degradation paths are nonlinear over time. In this circumstance, the degradation process of LED cannot be characterized by a linear degradation model effectively. For this reason, we adopt a time-transformed Wiener process to characterize the degradation evolution of LED. The degradation dataset will be used to demonstrate the applicability of the developed degradation modeling and life estimation approach. The empirical researches indicate that power law function, i.e., (t) = t η , is suitable to fit the degradation data of LED lamps [19] , [23] . Based on the parameter estimation method presented in Section III, we can obtain TABLE 1. RMSEs and biases of all parameters for all combination of (n, m). [23] , the MLE of the unknown parameters areμ β = 5.44,σ 2 β = 2.65 × 10 −13 ,σ 2 = 10.24,σ 2 ε = 2.528 × 10 −12 ,η = 0.368, with the maximum log-likelihood value of -158.9. Obviously, the maximum log-likelihood value obtained by our method is larger than that obtained by Ye's method in [23] , which indicates the developed approach is suitable to characterize the degradation process of LED lamps. Additionally, from the estimated results above, we also observe that the value of σ 2 β estimated by our approach is obviously bigger than that obtained by Ye's approach. It demonstrates that the randomness of the drift coefficient β is apparent for 12 LEDs sincê σ 2 β represents the variation of β. In fact, we can observe from Fig. 1 that there are significant differences for degradation paths of 12 LEDs, which shows the existence of unit-to-unit heterogeneity. The reason for this is that the estimated results obtained from the direct maximization of likelihood function in [23] generally have larger biases owing to the unobservability of β. Nevertheless, the EM algorithm can effectively overcome such drawback under the circumstance of the existence of unobserved hidden variables. Therefore, the MLE based on the EM algorithm is more efficient than the direct maximization of the log-likelihood function. Fig. 2 shows the convergence of iterative sequences generated by the EM algorithm. It can be easily found that each parameter in our degradation model achieves a good convergence. In order to show the goodness of fit, we also compare the average degradation path obtained by our approach with one obtained by Ye's approach. By using Eqs. (1) and (3), the estimated average degradation path can be represented as
On an intuitive level, the estimated average degradation path ought to be aligned with the sample mean if the degradation model is reasonable. Therefore, Fig.3 plots the mean degradation paths estimated by our approach and Ye's approach together with the sample average, and the dashed lines are 95% pointwise confidence band for the estimated mean degradation path by using bootstrap method. Apparently, the mean degradation path estimated by our method coincides better with the sample average in comparison with Ye's approach, which shows the goodness-of-fit of the developed model. To demonstrate the benefits of the proposed degradation modeling and life estimation method, we compare the CDFs and PDFs estimated by the developed approach with ones by Ye's approach in [23] . The comparative results are summarized in Fig. 4 . It is easily seen that there are obvious differences between the obtained results for two kinds of approaches. There are three major reasons for this. Firstly, the definition of the life in our work is different from the one in Ye's work, and our method considers the influence of measurement error on life distribution. Secondly, the truncated normal distribution is more suitable to characterize the unitto-unit heterogeneity since the degradation rates is always positive for LED lamps. However, the influence of negative drift coefficient β on life distribution has been ignored for LED degradation modeling in Ye's method. Thirdly, the MLE using the EM algorithm can obtain better results for model parameter estimates compared with Ye's approach. For these reasons, the developed approach can achieve more reasonable results for life estimation than Ye's approach. In summary, the simulation example and the case study demonstrate the validity and superiority of the proposed approach, and the obtained results of life estimation can be more efficient for subsequent preventive maintenance scheduling actions compared with the results in [23] .
VI. CONCLUSION
This paper presents a degradation data analysis method using a Wiener degradation model by considering temporal uncertainty, measurement uncertainty and unit-to-unit heterogeneity. A majority of the existing Wiener degradation models with measurement errors only assume the drift coefficient β follows the normal distribution to capture the unit-to-unit heterogeneity in a population, which ignores the fact that the degradation rates of many systems are always positive in practical applications. To overcome this drawback, the truncated normal distribution is adopted to eliminate the influence of negative drift coefficients on the life distribution in our degradation model. To meet the active demand in engineering practice, for instance, preventive maintenance planning and logistical support, the closed-form expressions of PDF and CDF of the life are given with proper consideration of three kinds of uncertainties. Due to the existence of unobserved hidden variables in the likelihood function, we employ the EM algorithm to obtain the MLE of unknown parameters and verify its efficiency by a comprehensive Monte Carlo simulation. By comparing with the existing approach, it is concluded that the influence of negative drift coefficients and measurement errors on the life distribution is not negligible.
The illustrative examples demonstrated that the proposed approach can improve the accuracy of the life estimation and the goodness-of-fit of the model. 
